Analysis of the structure of biological networks often uses statistical tests to establish the over-representation of motifs, which are thought to be important building blocks of such networks related to their biological functions. However, there is disagreement on the statistical significance of these motifs and the methods used to determine it. Exponential random graph models (ERGMs) are a class of statistical model that overcome many of the shortcomings of commonly used methods for testing the statistical significance of motifs. ERGMs were first introduced into the bioinformatics literature over ten years ago but have had limited application due to the practical difficulty of estimating model parameters. Advances in estimation algorithms now afford analysis of much larger networks in practical time. We illustrate the application of these methods to both an undirected protein-protein interaction (PPI) network and directed regulatory and neural networks. We confirm some, but not all, prior results as to motif significance in these data sets. Code and datasets are freely available at
Introduction
Molecular interactions in biological systems are often represented as networks (Winterbach et al., 2013) . Some such networks are inherently undirected, such as protein-protein interaction (PPI) networks (De Las Rivas and Fontanillo, 2010) . Others may be directed, such as gene regulatory networks, where nodes represent operons, and arcs (directed edges) represent transcriptional interactions between them. Much research with such biological networks has concerned "motifs", small subgraphs which occur more frequently than by chance, and which have been considered the building block of complex networks Alon, 2007; Ciriello and Guerra, 2008) , which may have biological significance as signs of evolutionary events (Middendorf et al., 2005; Rice et al., 2005) .
Two simple examples of motifs in undirected networks are triangles and squares (Rice et al., 2005) . Directed networks allow for a larger set of potentially important motifs Middendorf et al., 2005; Rice et al., 2005) , which can be quite complicated, leading to problems of consistent definition (Konagurthu and Lesk, 2008a) .
To determine if a motif is over-represented, the frequency of the motif in an observed network is compared to the average frequency in a set of random networks (Ciriello and Guerra, 2008) , although it is also possible to determine the significance of motif over-representation without simulation (Picard et al., 2008) . This leads to the problem of choosing the appropriate random networks (null model), and some supposed motifs have been found to not be significantly over-represented, and occur with the observed frequencies simply due to topological properties of random networks (Konagurthu and Lesk, 2008b) or correlations between motifs created by the randomization process (Ginoza and Mugler, 2010) . Indeed, it may be the case that the apparent statistical over-representation of motifs has no evolutionary or functional significance (Mazurie et al., 2005; Ingram et al., 2006; Payne and Wagner, 2015) , and the choice of null model is a critical factor in this lack of evident relationship between overrepresentation and evolutionary preservation (Mazurie et al., 2005; Beber et al., 2012) . Alternatively, the apparent lack of functional significance (Payne and Wagner, 2015) may be due to too narrow a definition of "function" (Ahnert and Fink, 2016) .
It might also be the case that particular motifs are over-represented, not because they are evolutionarily selected for function, but because of spatial clustering (Artzy-Randrup et al., 2004) . In the context of PPI networks, we might expect that interactions would be over-represented between proteins that share a subcellular location, and under-represented between those that do not, for example, since proteins known to interact usually have the same subcellular locations (von Mering et al., 2002) . Indeed PPI networks can be used as predictors of subcellular location (Shin et al., 2009; Kumar and Ranganathan, 2010) .
Exponential random graph models (ERGMs) are an elegant solution to some of these problems. ERGMs are widely used in the social sciences, typically to model social networks (Robins et al., 2007a; Lusher et al., 2013; Amati et al., 2018) . Cimini et al. (2019) is a recent review of ERGMs for modelling real-world networks, from a statistical physics viewpoint.
An ERGM is a probability distribution with the form
where
• A is a "configuration", or motif, a (small) set of nodes and a subset of ties between them,
• z A (x) is the network statistic for configuration A,
• θ A is a model parameter corresponding to configuration A,
• κ is a normalizing constant to ensure a proper distribution.
Given an observed network x, we aim to find the parameter vector θ which maximizes the probability of x under the model. Then for each configuration (motif) A in the model, its corresponding parameter θ A and its estimated standard error allow us to make inferences about the over-or under-representation of that motif in the observed network. If θ A is significantly different from zero, then if θ A > 0 the motif A is over-represented, or underrepresented if θ A < 0.
ERGMs solve the problem of the need to correct for correlations between motif occurrences, and also other attributes such as subcellular location (functional and evolutionary significance is another matter entirely). Given an observed network, model parameters can be estimated by maximum likelihood. Hence parameters corresponding to motifs such as triangles can be estimated, and a positive significant parameter would indicate triangles occurring more frequently than by chance, given the other parameters in the model (which would include parameters to control for density and centralization, for example). ERGMs allow different structural motifs to be incorporated, as well as effects based on node attributes (such as physico-chemical properties, or spatial locality), and the significance of motifs can then be assessed given all the other structural and other effects included in the model.
ERGMs fulfill all of the desirable criteria for improved network models listed by de Silva and Stumpf (2005, p. 427) . They take into account that networks are finite. Indeed, far from requiring very large networks to fit the requirements of mean-field theories, they are dependent on network size and do not scale consistently to infinity (Rolls et al., 2013; Shalizi and Rinaldo, 2013; Schweinberger et al., 2019 ) -a property that can be used to estimate population size from network samples (Rolls and Robins, 2017) . They can handle modular organization or community structure (Fronczak et al., 2013) , samples from larger networks (Handcock and Gile, 2010; , and missing data (Robins et al., 2004; . And finally, they are flexible at incorporating additional information such as nodal attributes, including dyadic attributes, such as distances between nodes. ERGMs have also been extended to handle valued networks (Desmarais and Cranmer, 2012; Krivitsky, 2012) and dynamic (time-varying) networks (Krivitsky and Handcock, 2014) , and to use graphlets (Pržulj, 2007) as the ERGM configurations (Yaveroǧlu et al., 2015) .
Unfortunately, however, ERGM parameter estimation is a computationally intractable problem, and in practice it is generally necessary to use Markov chain Monte Carlo (MCMC) methods . A variety of algorithms for ERGM model fitting (Snijders, 2002; Hunter and Handcock, 2006; Hummel et al., 2012; Krivitsky, 2017) are implemented in widely used software packages such as statnet and PNet/MPNet , and Bayesian methods are also available Friel, 2011, 2014) . These packages also implement the so-called "alternating" or "geometrically weighted" configurations (Snijders et al., 2006; Robins et al., 2007b) , which alleviate problems with model "degeneracy", where the model's probability mass is concentrated in a very small region of possible networks, that can occur when only simple configurations, such as stars and triangles, are used .
Until recently, the computational difficulty of ERGM parameter estimation has has limited its application to biological networks, which are often larger than the social networks (traditionally measured by observations and surveys, rather than online social networks) for which the techniques were developed. Now, however, advances such as snowball sampling and conditional estimation , improved ERGM distribution samplers such as the "improved fixed density" (IFD) sampler (Byshkin et al., 2016) , and new estimation algorithms (Hummel et al., 2012) , including the "Equilibrium Expectation" (EE) algorithm (Byshkin et al., 2018; Borisenko et al., 2019) and its implementation for large directed networks (Stivala et al., 2019) , have reduced by orders of magnitude the time taken to estimate ERGM parameters.
ERGMs were first applied to biological networks by Saul and Filkov (2007) , who estimated model parameters for Escherichia coli (Salgado et al., 2001) and yeast regulatory networks, and a collection of metabolic networks. With the algorithms and implementations available at the time, the larger networks could only be estimated by maximum pseudo-likelihood (Strauss and Ikeda, 1990) , an approximation which is now considered problematic (Robins et al., 2007b; van Duijn et al., 2009; and useful mostly for obtaining initial parameter estimates for a more accurate (but also more computationally expensive) method (Hunter and Handcock, 2006; Hummel et al., 2012; Krivitsky, 2017) . The E. coli regulatory network was also used as an example application of the new "stepping" algorithm for ERGM estimation by Hummel et al. (2012) .
ERGM models for similar E. coli regulatory networks were described by Begum et al. (2014) , leaving the networks directed rather than treating them as undirected. These models are very simple, however, including only Arc and In-star terms, for both of which significant negative parameters are estimated. A mixture ERGM model was introduced by Wang et al. (2017) and applied to a yeast gene interaction network with 424 genes (Schuldiner et al., 2005; Wang et al., 2017) . The advantage of the mixture ERGM is that it captures heterogeneity in the network; however we do not address this problem here.
ERGMs have also been applied to neural networks with 90 nodes, representing brain regions (Simpson et al., 2011 (Simpson et al., , 2012 , and more recently using Bayesian techniques, with 96 nodes representing regions (Sinke et al., 2016) . ERGMs have also been used to model human brain networks inferred from electroencephalographic (EEG) signals; these networks have 56 (the number of EEG sensors) nodes (Obando and De Vico Fallani, 2017 ). An enhanced version of the generalized (or valued) ERGM (Desmarais and Cranmer, 2012 ) was used to model the human Default Mode Network (DNM) with 20 nodes, representing brain regions (Stillman et al., 2017) .
A Bayesian ERGM has also been used to model transient structure in intrinsically disordered proteins (Grazioli et al., 2019) .
Simple ERGMs for undirected networks (A. thaliana, yeast, human, and C. elegans PPI networks, and undirected versions of E. coli regulatory and Drosophila optic medulla networks) were estimated in Byshkin et al. (2018, S.I.) , demonstrating that the EE algorithm could be used to estimate in minutes a model that takes many hours or is practically impossible with earlier methods. In addition a more complex model of the A. thaliana PPI network was estimated, showing not just the over-representation of the triangle motif, but also the tendency for plant-specific proteins to interact preferentially with each other, and for kinases to interact preferentially with phosphorylated proteins (Byshkin et al., 2018) . However this work dealt only with undirected networks. An implementation of the EE algorithm for directed networks is described in Stivala et al. (2019) , but no biological networks were considered in that work. In this work we illustrate the application of the EE algorithm to estimate ERGM parameters for both undirected (PPI) and directed (regulatory and neural) networks.
Methods

Network data
We obtained a yeast PPI network (von Mering et al., 2002) from the igraph Nexus network repository (Csárdi and Nepusz, 2006) 1 . The yeast PPI network has the proteins annotated with one of 12 functional categories (Mewes et al., 2002; Ruepp et al., 2004) (or "uncharacterized") , as described in the Supplementary Information of von Mering et al. (2002) . Categorical matching on categorical attribute c. A positive parameter value indicates an edge preferentially forming between nodes with the same value of the categorical attribute (known as "homophily" in social network research). a Activity Activity on binary attribute a. A positive parameter value indicates that nodes with the binary attribute are more likely to have an incident edge. a Interaction interaction on binary attribute a. A positive parameter value indicates that two nodes with the binary attribute are more likely to have an edge between them. The previously mentioned E. coli regulatory network (Salgado et al., 2001; was obtained via the statnet package (Handcock et al., , 2016 . Following Hummel et al. (2012) , we remove the loops (self-edges) representing self-regulation, and consider self-regulation instead in a simplistic way by a binary node attribute designated "self" which is true when a self-loop was present and false otherwise. We also obtained a Saccharomyces cerevisiae (yeast) regulatory network Costanzo et al., 2001 ) 2 and processed it in the same way.
A second E. coli regulatory network (Yu and Gerstein, 2006 ) was also obtained. 3 We refer to this as the Gerstein network to distinguish it from the Alon network described above.
As an example of a neural network, a Drosophila optic medulla synaptic network (Takemura et al., 2013) found via the ICON (Clauset et al., 2016) database, was obtained from Open Connectome 4 (Burns et al., 2013) . The nodes in this network represent neurons, with the arces representing synaptic interactions with the direction reflecting the pre-and post-synaptic sites (Takemura et al., 2013) .
For all networks we remove multiple edges and self-loops, where present. Summary statistics of the networks are in Table 1 .
ERGM configurations
The ERGM parameters (effects) used in the models for undirected networks are shown in Table 2 , and those for directed networks in Table 3 . (Snijders et al., 2006; Robins et al., 2007b; Lusher et al., 2013) such as alternating k-stars involve sums of counts of motifs with alternating signs and a decay factor λ, and we set λ = 2 in accordance with common ERGM modelling practice.
Effect
Description Arc Baseline density. Sink A positive parameter value indicates a tendency for nodes with incoming but no outgoing arcs. Source A positive parameter value indicates a tendency for nodes with outgoing but no incoming arcs. Reciprocity A positive parameter value indicates a tendency for arcs to be reciprocated (a cycle of length 2).
AltInStars
Alternating k-in-stars. A positive parameter value indicates centralization based on high in-degree nodes.
AltOutStars
Alternating k-out-stars. A positive parameter value indicates centralization based on high out-degree nodes.
AltTwoPathsT
Multiple 2-paths. A positive parameter value indicates a tendency for directed paths of length 2. Used as a "control" for AltKTrianglesT, the parameter for triangles formed by closing these 2-paths. AltTwoPathsD Shared popularity. Control for AltKTrianglesD. AltTwoPathsU Shared activity. Control for AltKTrianglesU. AltTwoPathsTD Combines AltTwoPathsT and AltTwoPathsD in a single parameter, adjusting for double-counting. AltKTrianglesT Path closure or transitive closure. A positive parameter value indicates a tendency for open directed two-paths to be closed transitively. This is an alternating statistic version of the "feed-forward loop" motif. AltKTrianglesD Popularity closure. A positive parameter value indicates a tendency for two nodes that have arcs directed to them from the same nodes to also have an arc between them. AltKTrianglesU Activity closure. A positive parameter value indicates a tendency for nodes that have arcs directed to the same nodes to also have an arc between them. AltKTrianglesC Cyclic closure. A positive parameter value indicatse a tendency for directed cycles of length 3 in the network, representing non-hierarchical network closure. An alternating statistic version of the "three-node feedback loop" motif. Sender a Sender on binary attribute a. A positive parameter value indicates that nodes with the attribute are more likely to have an incident arc directed from them.
Reciver a
Receiver on binary attribute a. A positive parameter value indicates that nodes with the attribute are more likely to have an incident arc directed to them.
Interaction a
Interaction on binary attribute a. A positive parameter value indicates that two nodes which both have the attribute are more likely to have an arc directly connecting them.
Matching c
Matching on categorical attribute c. A positive parameter vaule indicatse that two nodes which have the same value of the attribute are more likely to have an arc directly connecting them. 
ERGM parameter estimation
ERGM parameters for undirected networks were estimated using the EE algorithm (Byshkin et al., 2018) with the IFD sampler (Byshkin et al., 2016) implemented for undirected networks in the Estimnet software as described in Byshkin et al. (2018) , with 20 parallel tasks. ERGM parameters for directed networks were estimated using the simplified EE algorithm (Byshkin et al., 2018; Borisenko et al., 2019) with IFD sampler implemented for directed networks in the EstimNetDirected software (Stivala et al., 2019) , with 64 parallel tasks.
3 Results and discussion 3.1 Exponential random graph models Table 4 shows the basic structural model for the yeast PPI network (Model 1) (Byshkin et al., 2018, Table S3 ) as well as a model (Model 2) incorporating a parameter for the propensity of interactions to occur between proteins in the same functional category (class). We expect that proteins of the same functional category should preferentially interact with each other (von Mering et al., 2002) , and this is confirmed by the significant positive parameter estimated for the "Match class" effect. The alternating k-triangle (AT) parameter is also in the model, and still positive and significant, showing that preferential interactions in the same class are significant while controlling for the tendency for over-representation of the triangle motif. Three different models, including Model 1, the simple structural model from Byshkin et al. (2018 , Table S3 ), were estimated for the E. coli regulatory network, treated as undirected, with the parameter estimates shown in Table 5 . Just as in Hummel et al. (2012) , we found that models incorporating the two-star parameter did not converge, due to model degeneracy, however the use of the alternating star and triangle parameters (Snijders et al., 2006; Robins et al., 2007b ) instead solves the problem in this case. We find that the triangle motif is overrepresented (a positive significant alternating k-triangle effect) for all models in the table (this effect was not tested by Saul and Filkov (2007) ; Hummel et al. (2012) , who effectively model only the degree distribution and, in the case of Hummel et al. (2012) , also self-regulation).
We model self-regulation by using a nodal covariate "self" which is true exactly when the node had a self-loop in the original network. In Model 2 we treat this as a binary attribute and estimate the Activity and Interaction effects for this attribute, while in Model 3 we instead treat it as a categorical attribute and estimate the category matching parameter for this attribute. In Model 2 the Activity parameter for self is significant and positive, while the Interaction parameter is significant and negative. Hence self-regulating operons are more likely than others to regulate (or be regulated by -the network is treated as undirected here) another operon, however, given this tendency, they are less likely to regulate or by regulated by another self-regulating operon. In Model 3 there is a negative significant categorical matching effect on the self attribute, so a self-regulating operon is more like to regulate or be regulated by an operon that is not self-regulating than another that is. These results are consistent with, and extend, those described by Hummel et al. (2012) , who model the self attribute only as categorical, and find a positive significant effect for both match and mismatch: that is, self-regulating operons are more likely to regulate or by regulated than operons that are not self-regulating. We find rather that self-regulating operons are more likely than others to regulate or be regulated generally, but, given this, are specifically less likely to do so with other self-regulating operons.
Three different models were also estimated for the Alon E. coli network, but leaving the network as directed ( genes that do not regulate any genes (have out-degree zero) and genes that are not regulated by any gene (have indegree zero). The alternating k-in-stars (AltInStars) parameter is consistently positive and significant, indicating centralization on in-degree, that is, the presence of "hubs" with higher in-degree than other nodes. However, there is no significant effect for (or against) centralization on out-degree (see Figure 1 ). The only other parameter that is consistently significant (and positive) is path closure (AltKTrianglesT), which we can interpret as a significant tendency for the "feed-forward loop" to be over-represented, consistent with the results in .
ERGM parameter estimates for the Gerstein E. coli regulatory network are shown in Table 7 . For this network we were able to obtain converged estimates for more complex models with the different types of triangular motifs. Model 1 includes only path closure and its corresponding open two-path, while Model 2 also includes "popularity" (AltKTrianglesD) and "activity" (AltKTrianglesU) closure and their corresponding open two-paths. We note that, despite also being an E. coli regulatory network, the degree distribution is very different from that of the Alon E. coli network. In this network, there is no evidence of in-degree "hubs" (the AltInStars parameter is never significant), however the AltOutStars parameter is positive and significant in Model 1, indicating centralization on out-degree.
In Model 1, where path closure (AltKTrianglesT) is the only triangular motif present, this parameter is positive and significant, indicating the over-representation of the transitive triangular motif, consistent with the results for a b Figure 1 : Alon E. coli regulatory network. (a) Node size is proportional to in-degree. (b) Node size is proportional to out-degree. Self-regulating operons are depicted as filled (red) circles. In (a) there appears to be a small set of high in-degree nodes and a much larger set of smaller in-degree nodes, while in (b) the out-degree of the nodes appears to be much more evenly distributed. The hypothesis we might make from (a), that there is centralization on in-degree, is confirmed by the ERGM results. This same model finds no support for the hypothesis we might make from (b), that there is a tendency against centralization on out-degree.
the Alon E. coli regulatory network. However when, in addition, popularity closure (AltKTrianglesD) and activity closure (AltKTrianglesU) are included (Model 2), the path closure effect is no longer significant, and instead activity closure is positive and significant, while its corresponding open two-path (AltTwoPathsU) is negative and significant. This indicates that, given all these effects, there is no significant over-representation of the transitive triangle motif (path closure or feed-forward loop), but rather there is a significant tendency for two operons x and y that both regulate a third operon z, to also have x regulating y (or y regulating x).
This illustrates the importance of being able to use a multivariate model with nested structures, rather than only testing for the statistical significance of a motif, independently of all other structures (including those which are substructures of the motif in question). The apparently significant over-representation of a motif may actually be due to over-representation of other motifs, and including them all in a single model is one way to control for this.
Note that these E. coli regulatory networks do not contain any instances of the three-cycle, or "three-node feedback loop" . Indeed the Alon E. coli network does not contain any loops greater than size one , and so the cyclic closure parameter (AltKTrianglesC) is not included in the models. Table 8 shows ERGM paramter estimates for the Alon yeast regulatory network. Note that only in Model 1 is there a significant (positive) estimate for the AltKTrianglesT parameter, indicating an over-representation of path closure (feed-forward loop motif). In Model 2, when other parameters (open two-paths, cyclic closure) are included, this parameter is no longer estimated to be significant. So it is possible that the over-representation of the feed-forward loop motif found in by the simple process of comparing the observed network to randomized versions preserving the degree sequence is not statistically significant when other structural effects (motifs) are considered in the model. Indeed it was already observed by Konagurthu and Lesk (2008b) that the motif over-representations in are not always significant if a more sophisticated null model, preserving additional constraints such as clustering and path lengths, is used, and the feed-forward loop motif in the yeast regulatory network is an example of this (Konagurthu and Lesk, 2008b) .
ERGM parameter estimates for the Drosophila optic medulla network are shown in Table 9 . A very simple Effect Model 1 Model 2 Arc −9.626 (−9.782,−9.470) −6.648 (−6.786,−6.509) Sink 2.310 (−2.731,7.351) 2.870 (−3.033,8.772) Source 0.612 (−3.850,5.074) 2.469 (−2.212,7.150) AltInStars −0.683 (−2.708,1.343) 0.748 Table S3 ). A more complex model possible when the network arc directions are preserved (Table 9) shows that there is a significant centralization on out-degree (AltOutStars), but not on in-degree, and a significant feed-forward motif or path closure (AltKTrianglesT) effect, but that the estimates for the other triangular motifs (popularity, activity, and cyclic closure) are not significant.
Conclusion
We have re-examined the use of exponential random graph models for analyzing biological networks, first introduced into the bioinformatics literature by Saul and Filkov (2007) . Advances in ERGM estimation methods since then have allowed more sophisticated models to be estimated for more and larger networks than was possible at the time, and they are now a more practical technique for making inferences about structural hypotheses in biological networks, solving many of the problems inherent in choosing appropriate null models for testing motif over-representation. By using an ERGM, all effects in the model are tested simultaneously, each conditional on all the others, rather than having to test one at a time with the other effects fixed in a (more or less sophisticated, the choice of which is critical to the results) null model. The ability to have such a multivariate model, where non-independent motifs can have their over-or underrepresentation tested simultaneously, can have important consequences for results. In an ERGM where we include only the alternating k-triangle effect to test for path closure (feed-forward loop motif), we find statistically significant over-representation of this motif, just as did in the same yeast regulatory network. However, when the open two-paths or cyclic closure effects are also included, the over-representation of the path closure effect is no longer significant. A similar result was described by Konagurthu and Lesk (2008b) by using more sophisticated null models, but ERGMs are a more general solution, allowing multiple effects to be tested simultaneously.
In contrast, our ERGM for the Alon E. coli network confirms the result of that path closure (feed-forward loop) is over-represented, even when we include other, related, effects in the model. However, in a different E. coli regulatory network (Yu and Gerstein, 2006) , we find that the path closure motif is only significantly over-represented when the effects of activity closure and popularity closure are not included in the model.
However, there are limitations to this analytical approach. Finding a converged ERGM for a network is not always possible in practice. In addition, although established ERGM estimation software packages include goodness-of-fit tests, this is still lacking for the EE algorithm implementations used here, and is an area in need of further work.
We also note that some recent work suggests that complex network structure, including heavy-tailed degree distributions, closure (clustering), large connected components, and short path lengths can arise simply from thresholding normally distributed data to generate the binary network (Cantwell et al., 2019) . Hence inferences from ERGM modelling about network structure, just as with other techniques such as comparison to ensembles of random graphs, could be consequences of the way the binary network was constructed.
Valued ERGMs (Desmarais and Cranmer, 2012; Krivitsky, 2012 ) may be used to avoid this problem by removing the need to construct a binary network at all, and working directly with the network with valued edges. However estimation of these models is even more computationally intensive than for binary networks and hence is so far impractical to use for networks of the size considered here; using new estimation techniques to improve the scalability of of parameter estimation for valued ERGMs is another area requiring further research.
